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Abstract 



To clarify the method behind [11], a generalisation of Berstein-Hilton Hopf invariants is 
defined as 'higher Hopf invariants'. They detect the higher homotopy associativity of 
Hopf spaces and are studied as obstructions not to increase the LS category by one by 
attaching a cone. Under a condition between dimension and LS category, a criterion for 
Ganea's conjecture on LS category is obtained using the generalised higher Hopf invariants, 
which yields the main result of [|ll|] for all the cases except the case when p = 2. As 
an application, conditions in terms of homotopy invariants of the characteristic maps 
are given to determine the LS category of sphere-bundles-over-spheres. Consequently, a 
closed manifold M is found not to satisfy Ganea's conjecture on LS category and another 
closed manifold N is found to have the same LS category as its 'punctured submanifold' 



N — {P}, P € N. But all examples obtained here support the conjecture in [11 



1 Introduction 

In this paper, each space is assumed to have the homotopy type of a CW complex. The LS 

category of X is the least number m such that there is a covering of X by m + 1 open subsets 

each of which is contractible in X, which is (by Whitehead the least number m such that 

the diagonal map A m+1 : X — * x m+1 can be compressed into the 'fat wedge' T m+1 (X) or 

X [m+t]_ Hence cat{*} = 0. 

As is well-known, the LS category of a product space c&tXxS n is either cat X or cat X + 1. 

A problem was posed by Ganea in ||: Can only the latter case occur for any X and n > 1? 
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The affirmative answer had been supposed to be true and came to be known as 'Ganea's 
conjecture' (see ||) or 'the Ganea conjecture' (see |T5|] ). A major advance in this subject was 
made by Jessup |T(| and Hess || working in the rational category: the rational version of the 
conjecture is true for n > 2. Also by Singhof |?U| and Rudyak \TE\, [B5|, the conjecture is true 
for a large class of manifolds. 

However in June 1997, the author found a counter example (see |l(J), in an effort to provide 
a criterion for establishing the conjecture (which is given in this paper as Theorems |3.8| , |3.9| 
and Corollary |3.10.2| ), using properties of higher Hopf invariants (see Jl2|) and fibrations asso- 
ciated with the Aoo-structure of QX (see Sugawara [p3fl , 24] , Stasheff [^] and Iwase-Mimura 
|13|). The author knows that Don Stanley was trying to find out a counter example using the 
ordinary James-Hopf invariants, and also Lucile Vandembroucq [^6| obtained a related result 
on a sufficient condition to Ganea's conjecture at about the same time. The author also knows 
that soon after [[L2|, the higher Hopf invariants were begun to be studied by Stanley (see |2"T| ). 

This paper is organised as follows: In Section 0, to clarify the method behind |Tl[ , a gener- 
alisation of the Berstein-Hilton Hopf invariants is defined with its related invariants to detect 
the higher homotopy associativity of a Hopf space. In Section |3], under a condition between 
dimension and LS category, some conjectures on LS category are verified by using fibrations 
associated with the Aoo-structure of a loop space. In Section £|, a result of Boardman-Steer 
is generalised to give a sufficient condition to determine LS category in terms of a generalised 
version of the Berstein-Hilton crude Hopf invariants. In Section |5|, the relation between a ho- 
mology decomposition and LS category of (product) spaces is shown, by extending a result of 



Curjel Q. In Section y, generalising the main result of [[Tl[] for all the cases except the case 
when p = 2, some more examples are obtained by the properties of the higher Hopf invariants 
given in Section |2|. In Section [7], we give some conditions to determine the LS category of 
sphere-bundles-over-spheres. Using it, we construct, in Section^, an orientable closed manifold 
N p , for each prime p > 5, with the LS category same as its 'punctured submanifold' N p — {P}, 
P G N p . Also another orientable closed manifold M is constructed as a counter example to 
Ganea's conjecture. 

The author would like to express his gratitude to loan James for giving an attractive lecture 
on LS category at the University of Aberdeen which inspired him to consider LS category again, 
John Hubbuck, Yuly Rudyak, Kouyemon Iriye, Donald Stanley, Daniel Tanre, Octavian Cornea, 
Hans Scheerer and Hans Baues for valuable conversations and encouragement which helped to 
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organise his thoughts, the University of Aberdeen for its hospitality during the author's stay in 
1997, Max-Planck-Institut fiir Mathematik for its hospitality during the author's stay in 2000 
and the members of the Graduate School of Mathematics Kyushu University for allowing him 
to be away for a long term, without which this work could not be done. 

2 Projective spaces and higher Hopf invariants 

In this section, we introduce a generalised version of the Berstein-Hilton Hopf invariant (see 
@), a higher Hopf invariant for short, in terms of projective spaces associated with the A^- 
structure of a loop space, to detect the higher homotopy associativity, or the v4 m -structure of a 
Hopf space (see Example [2.7| and Conjecture |2.8|) . We also show that a higher Hopf invariant 



gives the obstruction for increasing the LS category by one by attaching a cone, as in [[11] . 

For a given space, its loop space is an A^-space with the given space as its A^-structure. 
More precisely, every space X has a filtration given by the projective spaces P m (QX) of its 

■n nx 

loop space SIX. There is a ladder of Stasheff's fibrations E m+1 {VlX) *S P m (QX) with the 
fibre QX contractible in E m+l (QX), if m > 1. The total space E m+1 (QX) has the homotopy 
type of the m + 1-fold unreduced join of QX which is denoted by E m+1 (QX) and the base space 
P m+1 (QX) has the homotopy type of the mapping cone of p^ , m > 0: the fibration is induced 
by the inclusion : P m (QX) -> P°°(QX) from the universal fibration E°°(QX) ^ P°°(fiX) 
with contractible total space, (see |22| for details.) 

Theorem 2.1 (Ganea) Let X be a connected CW complex. Then catX < m if and only if 
the inclusion : P m (QX) C P°°(QX) ~ X has a right homotopy inverse (homotopy section). 



This result enables us to define local versions of cat , e.g, cat p is defined in |TTJ, for a prime p, 
as the least number m such that : P m (QX) C P°°(QX) ~ X has a homotopy section at p, 
e.g. catp Sis = 2 while cat S 1 = 1. We remark that in some of the literature, the composition 
functor P m oQ is abbreviated as G m , the 'Ganea space' functor. We use the following fact. 

Fact 2.2 Let X be a connected CW complex with catX = m. Then catXxS" = m 

if and only if (e^xl 5 «)| : P m (fiX)x{*} U P rn - 1 (nX)xS n C P°°(QX)xS n ~ XxS n has a 
homotopy section. 



In a conjecture was posed instead of Ganea's conjecture (Conjecture 1.4 in |il|): 



3 



Conjecture 2.3 ( ||11|| ) For any space X , there exists an integer n(X), 1 < n(X) < oo, such 
that c&tXxS n is equal to catX + 1, if n < n(X); catX, if n > n(X). 

When V is the suspension of a co-H-space, say V = SVo with Vq a co-H-space, we fix 
a canonical structure map cr(V) = Sad(ly) : V — > T.QV = P^-^QV) for cat V < 1, i.e. a 
(homotopy) section of the evaluation map e\ , where ad(ly) : Vq — > fiSVo is the adjoint of the 
identity. Then a(V) gives a homotopy commutative and homotopy associative co-H-structure 
on V. In this section, we fix a non-contractible co-H-space V with right and left inversion (e.g, V 
is a suspension space), together with a structure map o-(V) : V — > Y,QV for cat V — 1. For any 
given m > 1, we often regard P m (QV) as the target of a(V), since EQV = P\QV) C P m (QV). 

Definition 2.4 Let X be a space with catX < m, m > 1. For a choice of the homotopy 
section o~(X) : X — > P m (QX) (m > 1), we define a higher Hopf invariant as 

H m = H< x ) : [V,X] -> [V,E m+1 (QX)], 

which is a homomorphism when V is homotopy associative and homotopy commutative: For 
a map f : V —>■ X , the difference between a(X)of and P m (Qf)oa(V) , in the algebraic loop 
[V,P m (nX)] r is given by a map d^ X) (f) : V -> P m {ttX) so that <r(X)of + d u ^ X) (f) ~ 
P m {yif )oa{V). Since d^ X \f) vanishes in [V, P°°(fiX)] = [V, X], it has a unique lift H^ X \f) : 
V — > E m+1 (QX) to the total space of Stasheff's fibration 

VLX <-> E m+1 {QX) P ^ P m {QX) e -^ X, m>l. (2.1) 

Remark 2.5 1. When V is a homotopy associative co-H-space, cr(V) is a co-H-map by 
Theorem 2.2 of Ganea jffl. Hence a simple calculation shows that dm^ and Hm^ are 
homomorphisms, if V is a homotopy associative and homotopy commutative co-H-space. 

2. By Berstein-Dror /fj/, a homotopy associative co-H-space admits another homotopy as- 
sociative co-H-structure which has right and left inversions. 

3. When V is a Moore space of type (A, n), H m can be regarded as the Ber stein-Hilton Hopf 
invariant H : ir n (X;A) n n (X m+1 ,T m+1 X; A) (see /§/j ; since ir n (X m+1 , T m+1 X; A) = 
7i n (E m+1 (QX); A) by Ganea (see the proof of Theorem 1.1 in jill/j. 

4- When V = SVo is a suspension space, a map f : V — > X factors through Y,VtX as f = 
e x oT>&d(f), where e x denotes the evaluation map and ad(/) = f2/oad(ly) : V — > QX 
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is the adjoint of f . Then the higher Hopf invariant Hm V \e x ) of e x : EfiX — > X has 



a kind of 'universality': Hm (/) = i^m (e^)oS ad(/) (see Corollary $.11.1\ ). So 
call Hm n (e x ) the universal Hopf invariant for X and m > cat X. 



we 



5. If X is a suspension space, say X = YY , then we have P 1 (QX) = HQX = EJ(Y) ~ 

EY V SAY V SAY V .... Let us recall that H^ X ^ is uniquely determined by d°^ X \ whose 

j 

projection to SAY gives exactly the j-th James Hopf invariant hj, j > 2. Thus we may 
regard H\ as the collection of all James Hopf invariants hj, j > 2. 

The above definition of a higher Hopf invariant also allows us to define a generalisation of 
the Berstein-Hilton crude Hopf invariant as follows. 

Definition 2.6 

H m = H^ x) ■■ [V, X] [V, E m+1 (QX)] pv, A m+1 mX] - ^ [EV, A m+1 X], 

whereef is the evaluation map andh x +1 : E m+1 (ttX) -> £7 m+1 (QX) ~ fiXA(A m EfiX) denotes 
the natural homotopy equivalence (see Stasheff fffi^j). 

Example 2.7 For an A m -space G in the sense of Stasheff j^J, the adjoint of the inclusion ' 
EG ^ P m (G) is an A rn -map ad(i£ m ) : G ^ ttP m (G) whose A m -structure map P m (ad(^J) : 
P m (G) -> P m (VLP m (G)) is given by a splitting of eC {G) : P m {ttP m (G)) -> P m (G) (see jT^J). 
By putting X = P m (G), V = E m+1 (G) and a{X) = P m (ad(^ m )) ; we have 

H m = H^ X) : [E m+1 (G), P m {G)} -> [E m+1 (G), E m+1 (QP m (G))}. (2.2) 

The group [E m+1 (G), E m+1 (QP m (G))} contains the image of 1 = lE m + l (G) under the homomor- 
phism ad(igj* : [E m+1 (G) , E m+1 (G)} -> [£ m+1 (G), E m+1 (nP m (G))}. As is clearly seen, if 
G is an A m+ i-space, then there is a 'higher Hopf invariant one' element, i.e. there is a map 
f : E m+1 (G) — > P rn (G) such that H m (f) is the image of 1 as mentioned above. The converse is 
also verified when G is a sphere: Let f : E m+1 (G) — > P m (G) be a 'higher Hopf invariant one' 
element. Then an easy calculation of the Serre spectral sequence shows that the fibre of f has 



the homotopy type of the sphere G. Thus G must be an A m+ i-space (see fi2i3J) 
This suggests the following conjecture. 
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Conjecture 2.8 An A m -space G has an A m+ \- structure extending the given A m -structure if 
and only if there is a map f : E m+1 (G) — > P m (G) with 'higher Hopf invariant one', where 
P m (G) is the G-projective m-space associated with the A m -structure in the sense of Stasheff. 

We bring this higher Hopf invariant Hm X ^ into stable homotopy theory: 
Definition 2.9 We define a stabilised higher Hopf invariant as 

n m = nt x) ■■ [v, x] H ^ [v, E m+ \nx)} {v, E m+ \nx)} 

and the stabilised crude higher Hopf invariant as 

H m = H^ x) : [V, X] ^ [TV, A m+1 X] {TV, A m+1 X}. 

These definitions of higher Hopf invariants depend on the choice of the structure map o~(X). 
So it might be useful to define the following set-valued functions. 

Definition 2.10 

= {H2 X \f) I o-(X) is a structure map for catX = m} C [V, E m+1 (nX)}, 
H^(f) = {H^ X \f) | a(X) is a structure map for catX = m} C [TV, A m+1 X], 
Hi(f) = {U2 X) U) I o-(X) is a structure map for catX = m} C {V, E m+l {ttX)} 
H S m {f) = {H2 X \f) I o-(X) is a structure map for catX = m} C {TV, A m+1 X}. 

We show the fundamental properties of higher Hopf invariants. 

Proposition 2.11 Let V , X and f be as above. Then the following two statements hold. 

(1) Let V be the suspension space of a co-H-space. If g : V — > V is a co-H-map (or equiva- 

lently, P l {yig)oa{y r ) ~ o-(V)og in P\nV)), then H^ x \fog) ~ H^ x \f)og. 

(2) Let X' be a space of LS category < m with a structure map a(X'). If h : X — > X' is m- 
primitive in the sense of Berstein- Hilton ^ (or equivalently, a(X')oh ~ P m (Qh)oa(X)), 
then H^ X '\hof) ~ E m+ \VLh)oH^ X \f). 



Corollary 2.11.1 For any map f : V — > X , we have the following homotopy relation. 

H m X) (f) ~ H^ x \e x )om(f)oa(V). (2.3) 
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Remark 2.12 The statement (2) in Proposition \2. 1 1\ is a generalisation of Proposition 3.2 in 
Ber stein- Hilton W. 

Proof of Proposition Firstly we show (1): Let dm (f) be the difference between o~(X)of 
and P m (Qf)oo-(V), in the algebraic loop [V, P m (QX)]. Since g is a co-H-map, we obtain the 
following equation up to homotopy: 

a(X)o(fog) + df)(/)o 9 ~ {(a(X)of) + d^ x \f)}og ~ P m (nf)oa(V)og. 

Again, since g is a co-H-map, P m (Qg)oa(V) ~ a(V)°g, and hence we proceed as 

a(X)o(fog) + d< x \f)og ~ P m (nf)oP m (n g )oa(V) = P m (n(f g))oa(V). 

This implies the difference between a(X)o(fog) and P m (Q(fog))oa(V) is given by dm X \f°g) ~ 
dm X \f)°g, and hence H^ X \f g) ~ H^ X \f)og. 

Secondly we show (2): Let dm\f) be the difference between a(X)of and P m (Qf)oa{V). 
Since h is an m-primitive map, it follows that a(X')oh ~ P m (Qh)oa(X). Hence we obtain the 
following equation up to homotopy: 

a(X'Xh°f) + P m (Qh)od^ x \f) ~ P m (Qh)o{a(X) f + d^ x \f)} 
~ P m (fi/i)oP m (fi/)oa(V) = P m (Q(hof))oo-(V). 

Thus the difference between a(X')o(hof) and P m (fi(W)M^) is given by d^ x '\hof) ~ 
P m {Qh)odrF\f), and hence H^ x '\hof) ~ P m (Qh)oH^ X] '(/). QPP. 

3 Higher Hopf invariant and LS category 

In the remainder of this paper, we always assume that m > 1 and V = SVo a suspension space 
and we fix the structure map o~(V) = Ead(ly), unless otherwise stated. We begin this section 
with the following results by James |14[ and by Berstein and Hilton (see Proposition 2.5 in ||). 

Proposition 3.1 (James) Let a CW complex X be (d — l)-connected, d > 2. Then the 
following inequality holds: dimX > d ■ catX. 

Proposition 3.2 (Berstein-Hilton) Let a CW complex X be (d — l)-connected, d > 2. // 
dimX < dm + d — 2, then a structure map cr(X) : X — > P m (QX) for catX < m is determined 
uniquely up to homotopy. In particular, when X is simply connected and dimX < 2catX, the 
structure map c(X) : X — > P m (QX) for catX < m is determined uniquely up to homotopy. 



Proposition [D] implies that quite a few complexes satisfy the hypothesis of Proposition |3T2 . 
Such spaces satisfy the uniqueness of higher Hopf invariants as follows: 



Corollary 3.2.1 Let CW complexes V and X be (e — I)- connected and (d — 1)- connected resp., 
d, e > 2 with dim X < 
uniquely determined. 



d, e > 2 with dimX < dm + d — 2, cat X < m. Then the higher Hopf invariant H m = Hm X ^ is 



Proof. By Proposition |3.2| , the hypothesis on dim X and cat X implies that the structure map 
c(X) for catX < m is uniquely determined. By the definition of the higher Hopf invariant 



H 



a(X) 



is uniquely determined. 



QED. 



We describe the relationship between the higher Hopf invariant and the LS category: 



Proposition 3.3 For a given structure map c(X) for cat X = m and a given map f : V — > X , 
let W be the mapping cone of f . Then the following diagram without the dotted arrows commutes 
up to homotopy. 

V : >W : >Y>V 



a'(W) 




L (fW) 



(QW) 



e m+l 



w, 



where i : X ^ W and : P m (QW) -> P m+ \QW) denote the inclusions. 

Proof. Let us recall that H m (f) is given by the unique lift of the difference between a(X)of and 
P m {Qf)oa(V) in the group [V, P m (QX)}. Hence the composition P m (Qi)op^ x oH m (f) gives the 
difference between P m (VLi)oa{X)of and P m (VLi)oP m (VLf)oa(V) = P m {VL(iof))oa(V) ~ 0. Thus 
we obtain the commutativity of the diagram. QED. 



Remark 3.4 By the homotopy commutativity of the left rectangle of the diagram, there is 
a map a'(W) : W — > P m+1 (QW) making the diagram commutative, which is given by the 
homotopy deforming P m ({li)oa(X)of to p^ oE m+1 (ili)oH m (f) in P m {VtW) and by the map 
XpnwoC(E m+1 (nt)oH m (f)) in P m+l {VLW), where we denote by X j ■ (C(V),V) -> (W,X) the 
relative homeomorphism and by C the functor taking cones, since both top and bottom rows 
except for the map e^ +1 are cofibration sequences. 
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Now we discuss the naturality of o~'(W) which is determined as above. A suspension map 
g = £g : V — > V between suspension spaces gives the equality 



<r(V)og = mgoa(V). 



For maps / : V — > X and /' : V — *■ X, we have their (reduced) cofibres i : X "—>■ W = 
{*}U [0, l]xVU f X and i' : X ^ W = {*}U[0,l]xV UyX with null-homotopies F : ~ iof 
and F' : ~ i'of: 

F(t, v) = tAv, F'(t', v') = t'Av', for v eV,v' eV and t, t' e [0, 1]. 
The following lemma will be applied in Section |[ 

Lemma 3.5 Let g : V — ► V be a suspension map between suspension spaces. If f ~ fog with 
a homotopy L : [0, l]x V — > X , there is a map L : W —>■ W extending i : X — > W . Moreover 
there is a homotopy a'(W)oL ~ P m+l (VLL)oo' (W) relative to X, where a'(W) and a'(W) are 
as in Remark [3^ using H m (f) and H m (f), resp. 

Proof. Let V = SVq and V = T,Vq and let g = T,g , g : Vq — > Vq. We define L by the following 



equation. 
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for x G X and (t,v') G [0, l]xV. Let us consider the following diagram of homotopies: 

P m (Qi)ocr(X)oL 



P m (n(Loi'))o ( r( y X)of' 



■P m (m)oa(X)ofog 



(A) 



P m {n{Loi'))oa{X)of - -- { --^-- > ----- ( -> > P m (ni)oa(X)ofog - 



c(P rn (n(Loi'))oa(X)of) 
-P m (n(LoF'))oL v ,ocr(V') 



c(P m (m))o a (X)ofog 
-P m (!iF)o tl ,,o ff (V) 



(3.1) 



P m {Q,i)oa{X)oL 

P m (n(Loi'))oa(X)of -P m (n(ioL))o, v ,oa(V) P m (m)oa(X)ofog 
-P m (n(Loi'of'))oi vl oa(V') * -P m (n(iof))oL V oa(V)og 

(C) 

P m (ffi)o(cr(X)o e f 

P m (n(Loi'))o(a(X)oe^ - t x)°Sad(L) ^ P m (fii)o( ( r(X)o e f 
-i X )oEad(/') -ix)°Sad(/ogr) 



P m (fi(Lo^))o^o^W( e f)oSad(f) — P™(n<)#o^W(ef )oS ad(/o^) 

(£) 

P m (ffi)op^ x o 

P^^O)^^^^ 

where c(— ) denotes a constant homotopy and i x ■ P 1 (ilX) P m (f2X), ty : P 1 (J1V) 
P m (QV) and t v , : P^QV) ^ P m (QV) are inclusions. The homotopy commutativities of (C) 
and (E) are trivial. 

To show the homotopy commutativity of (A), we define a map 6* a : [0, l]x [0, l]xV — > W. 
^(s,*,«A^) = | L(S ' ^ AV ° ) G ^ / - ^ for s,t £ [0, 1] and uAv' G V . 

y 0J \*ex cW, u>^ 11 

We have 9a(s, 0,uAv' ) = L(s, uAv' ), 9 A (s, 1, uAv' ) = (L — c(0))(s,uAv' ) and that 9a(0, t, uAv' Q ) 
and 9a(1, t, uAv' ) give canonical homotopies from f'(uAv' ) and fog(uAv' Q ) = f(uAgo(v' Q )) to 
(/' - 0)(uAv' ) and (fog - 0)(uAv' Q ) = (f - 0)(uAg (v' )). Thus 9 A gives a homotopy 

L 



/°0 



/' _ o > /op - 0. 

^ L-c(0) J 3 
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where the upper and lower rows are given by t = and t — 1 and the left and right columns 
are given by s = and s — 1. By applying the composition with P m (fli)oa(X) from the left, 
we get the homotopy commutativity of (A). 

To show the homotopy commutativity of (B), we define a map 9 B '■ [0, l]x[0, l]xV — > W. 



Bl ' ' ' |L(2 + » - 2(, ./) e X c W, 



6 - 2 



for s,te [0,1] and u' G V. 



We have B (s,O,i/) = *, B (O,t,v') = LoF'(t, v'), B (s,l,v?) = ioL(s,v') and b (1,*,t/) = 
F(t,g(y')). Thus # B gives a homotopy 



c(0) 

\l > o 



P m (f2(LoF')) 



P m (OF) 



where the upper and lower rows are given by t = and t — 1 and the left and right columns 
are given by s = and s — 1. By applying the composition with ty/ocr(V) from the right, we 
get the homotopy commutativity of (B). 

To show the homotopy commutativity of (D), we fix a homotopy 

as a map K : [0, l]xSfiX -> P m (fiX) with AT(0, -) = (a(X)oef - and KT(1, -) = 

p^ x oH^ x) (ef )(-). Using it, we define a map 6 D : [0, l]x[0, l]xV -> P m (fiX). 

D (s, t, mAWq) = wA ad(L)(s, w^)) for s,t £ [0, 1] and uAUq e V". 

We have ^(s, 0,uAv' Q ) = (a(X)oe? -i x )(uA&d(L)(s,v' )), 6 D (0,t, uAv' ) = K(t, uA ad(f')(v' )), 
MM,«Au£) = ^ x o^ (x) (ef)( M Aad(L)(s,^)) and 9 D (l,t,uAv' ) = K(t,uAad(fog)(v' )). 
Thus #d gives a homotopy 

(a(X)oef - ix )oS ad(/') --^-J--- 1 ----L----'-- ) --+ (a(X)oef - l x )oZ ad(fog) 



pI X °H<^ (ef )oS ad(/') .--------------------.> p£*ol#*> (ef )oS ad^) 

Pm ; (ef)oSad(L) 

where the upper and lower rows are given by t = and t — 1 and the left and right columns 
are given by s = and s = 1. By applying the composition with P m (Vli) from the left, we get 
the homotopy commutativity of (D). 
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The maps a'(W)°L and P m+1 (Q(L))oa'(W) are given by the homotopies in the diagram 
(3~T) indicated by the top and right arrows and left and bottom arrows respectively, and hence 
the homotopy commutativity of the homotopies in the diagram Q3.1p implies that a'(W)oL ~ 
P m+1 (QL)oa'(W). QED. 



Remark 3.6 Since e}^ +1 oa'(W) and the identity l\y coincide on X up to homotopy, the differ- 
ence between them with respect to the co-action ofEV is given by a map 7 : Y,V — > W . Here, 



we know the fibration ( W^a) , induces the following split short exact sequence: 

n nw w 

-> [j:v,E m+1 (nw)] ^* [zv,p m (nw)] ^ [ev,w\ -> o. 



(3.2) 



Thus 7 can be pulled back to a map 70 : — > P m (fiW) C P m+1 (QW). By adding 70 to 
a'(W), we obtain a genuine compression a{W) of l w . We often call this a(W) a 'standard' 
structure map for cat W < m + 1 which gives a subset of H^(f) for f £ [V, W] as follows: 



H-m(f) = {Hm (/) I 2s o 'standard' structure map for cat < m + 1} 

The cofibration sequence V X W T.V induces the following cofibration sequence: 



V*S r 



-1 / 



WUXxS n ^ WxS n S s n+ V 



here / is given by the relative Whitehead product [xf, ls n ] r : V*S n 1 — > W U XxS n , where 
Xf '■ (C(V), V) — > (W, X) denotes the characteristic map given as a relative homeomorphism. 



By the proof of Proposition 5.8 in [HI], the following result is obtained using Remark [3~4 . 



Proposition 3.7 For a given structure map cr(X) for catX = m, the map f makes the fol- 
lowing diagram without the dotted arrows commute up to homotopy. 



V*S 



n-l 



WUXxS r 



■WxS n - 



<t'(W) X ltfn I WUX x S n 



E m+1 (nx)*s n ~ l --->p m+1 (nw)up m (nx)xs n 



1 a(WxS n ) 



E m+ \nw)*ns n —>p m+ \nw) u p m (iw)xs n ^p m+L (ow)xs n 



m+1/ 



V 



TTxS n , 



where p^ = [Xp^ x ^ ls n ] r , — \Xp nw i e i"} r an d jn-i denotes the bottom cell inclusion S n 1 C 
QS n and a'(W) is the extension of a(X) by Proposition \S. j| and Remark [5^. 
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We then have the following result. 
Theorem 3.8 The following two statements hold for W with cat W < m + 1, m = cat Jf. 

(1) cat W < catX if the set H^(f) contains the trivial element. 

(2) cat WxS n < catX + 1 if the set contains the trivial element. 

Corollary 3.8.1 Let W be the space constructed as in the above theorem with cat W = m + 1. 
Then W is a counter example to Ganea's conjecture if the setTi^f) contains the trivial element. 

Proof of Theorem |J. Firstly we show (1): If E m+l (VLi)oH^ X) (f) : V -> E m+1 (QW) is trivial 



for some structure map o~(X), then, by Proposition |0] and Remark 3^, o~(X) is extendible 
to W. By the argument given in Remark |3.6| , we obtain a genuine compression o~(W) : W — > 
P m (ttW) of l w . Thus cat W < m. 

Secondly we show (2): If (£ m+1 (^>j n _i)oE n #™ (x) (/) : V*S n ~ l -> E m+1 (VLW)*VLS n is 
trivial for some structure map <r(X), then, by Proposition |3~T| , the map o-'(W)xl sn \ WuXxSn : 
W U XxS n -> P m+1 (W) U P m (fiX)xS n C P W+1 (£W) U P m (ttW)xS n is extendible to 
WxS n . By the argument given in Remark |3.6| together with the fact that the natural map 
[E n+1 V,ZxBUCxY] -> [£ n+1 V,ZxY~] S [S n+1 V, Z] x [£ n+1 V, K] is split surjective for any 
pointed pairs (Z,C) and (Y, P), we obtain a compression cr" : WxS n — > P m+1 (f2iy) U 
P m (rW)xS n of <7'(W)xl,s», relative to cr'(W) xl 5 „| WuXx5 „. Also by Remark ^ the dif- 
ference between e^ +1 oa' (W) and 1^ with respect to the co-action of T>V can be pulled back to 
7o : T.V -> £1W C P m (fil^). We define a map a(lfx5 n ) by 

a(Wx5 n ) : iy x s n ' tx ^T vsy)x5 n ^'u^* 1 ^ P m+1 ({lW)x{*} u p m (nw)xS n , 

where /i : W — > V denotes the co-action. Since a" is homotopic to cr'(W)xlsn in 
P m +\QW)xS n relative to the subspace {*}xS n , a{WxS n ) is homotopic to (a'(W) + 7) x l s „ 
in P m+1 (fiW / )xS' ri , which is a compression of l^xlgn. Thus catW / xS' n < m + 1, by Fact 



2j. QPP. 

Let V be a (e — l)-connected co-H-space and X a (d— l)-connected CW complex, e > d > 2. 

Theorem 3.9 Let n > 1 and suppose X to satisfy dimX < d-m + d — 2, m = catX. Then the 
following two statements hold for W and H m (f) = Hm X \f) where o~(X) is the unique structure 



map, by Proposition [O . 
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(1) cat W = m + 1 if E m+1 (tti)°H m (f) ^ 0. 

(2) cat WxS n = m + 2 if (E m+1 {m)*j n ^ 1 )oE n H m {f) ^ for sufficiently large n. 

(3) cat W xS n = m + 2 if (E m+1 (m)*j n )oE n+1 H m (f) ^ 0. 

Remark 3.10 // the condition dimV^ < d ■ catX + e — 1 is satisfied, then for dimensional 
reasons, we may remove the maps E m+1 (Qi) ', 'E m+1 (Qi)*j n _i' and 'E m+l (Qi)*j n ' from the 
statements in Theorem \3.£\ . 

Corollary 3.10.1 Let W be the space constructed as the mapping cone of f : V —> X from 
simply connected spaces V and X with dim X < d ■ cat X + d — 2 and dim V < d ■ cat X + e — 2, 
where V and X are (e — 1 )-connected and (d — 1 )-connected, resp. If cat WxS k = cat W for 
some k, then cat WxS n = cat W for all n > k. Thus Conjecture \2.3{ is true for such W . 



Corollary 3.10.2 Let W be the space constructed as the mapping cone of f : V — > X from 
simply connected spaces V and X with dim X < d ■ cat X + d — 2 and dim V < d ■ cat X + e — 2, 
where V and X are (e — 1 )-connected and (d—1 )-connected, resp. Then Ganea's conjecture for 
W is true if and only if the unique stabilised higher Hopf invariant TC m (f) is non-trivial. 



Proof of Theorem Let dimX = k. By the assumption, cat W < m+ 1. 

Firstly we show (1): If cat W < m, then there exists a compression a : W — > P m (QW) 
of the identity l w . Since the pair (P°°(rW), P m {9W)) is (d(m + 1) - l)-connected, the 
inclusion map i m : P m (QW) — > P°°(QW) induces a bijection of homotopy sets [Z, P m (QW)] — > 
[Z, P°°(f2W / )] for any space Z of dimension up to dim + 1) — 2. Then, for dimensional reasons, 
it follows that the restriction o"o = o~\x is unique up to homotopy in P m (QW). Hence we may 
assume that ctq equals to cr(X), the unique structure map for catX = m by Proposition pT2 . 



Hence P m {VLi)oa(X)of ~ p™ oE m+1 (VLi)oH m (f) is null-homotopic. As P m (QVy), in Q is 
a monomorphism for m > 1, E m+l (Qi)oH m (f) is null-homotopic. Thus the existence of the 
compression a of l w implies the triviality of E m+1 (tti)oH m (f) : V — > P m+1 (f2iy). 

Secondly we show (2): Let a(W) be a structure map for cat W<m + 1 obtained from 
a(X) by Proposition 0, Remarks |J and gl| and let j m , n : P m+1 (QW) U P m (fiH/)x5" C 
P°°(fiH/)UP m (fiH/)x5 n and i m , n : P°°(fiiy) U P m (VLW)xS n C P°°(fiH/)x5 n be inclusions. 
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If cat WxS n < m + 1, then by Fact [T2], there exists a compression cr : WxS n — > P m+1 (fW) U 



P m (fiW)x ( S' n of the identity ly^xs™- Hence we have 

( e co x ls")|p°°(nvK)uP m (nvK)x5 , ™°Jm,n°c r |vKuxx5' 1 ~ ^-Wxs n \wuxxs n and 

( e co X ls") \p°°{nW)UP m (nW)xS n0 jrn,n°(0'(W) Xl s ™\wuXxS") ~ WxS" \\VUXxS n - 

Here we know the pair (P°° (QW) x S n , P 00 (nW)UP m (nW)xS n ) is (dm + n + d - reconnected 
and there is a co-action : WUXxS n — > H / UXxS' n V SV^ associated with the cofibration 
sequence V — * Xx5* n — ■> H 7 U Xx5* n . Since the subspace Xx5" is of dimension k + n < dm + 
d + n — 2, the restrictions jm^&lxxs™ and im^cKWO xls n |xxs n = a(X)xl S n are homotopic 
and the difference between j m , n o<j and o"(W / )xl S n| l y u x x s™ with respect to the co-action /i' w is 
given by a map into E m+1 (QW)*QS n the fibre of e^xlsn\p°o(tiw)uP m (nw)xS n ' 

a\wuxxs™ ~ cK^OkuXxS- +7, 7 = 3m,n°$T°7o, 7o : -> P m+1 (lW)*ftS n . 

When n > dimV — rf(m + 1) +2, we also obtain that im,n°<?\wvjxxs n ~ jm,n°c r (W)xl S n\ WuX> , Sn 
for dimensional reasons. In this case, we have 

jm,n°P^ °{E m+1 {Qi)*j n -l)°^ n H m (f) ~ j m ,n°(^(W) X l S n \ WuX x 5" )°f ~ jm,n°v\wuXxS n0 f 

which is trivial, since a\wuxxs n is extendible on WxS n . Thus caiWxS 71 < m + 1 implies 
(E m+1 (fii)*j„_ 1 )oS n i/ m (/) ~ 0, provided that n > dimV - d(m + 1) + 2. 

Thirdly we show (3): In this case, the difference 7 might not be trivial evenif cat WxS n < 
m+1. Since the composition pr x oj m ^ n oa : WxS n 3m ^° P°°(1W) U P m (VlW)xS n ^ P°°(nW) 
factors through P^iQW) xS n as V r i°jm,n 0(J — P r i °im,n 3m,n°& we have e^opr x °j m>n °o = 
pri°(e^xl S n)oi mn oj mn o<j ~ pr 1; which makes the following diagram commutative up to ho- 
motopy. 

(e w )- 1 

W — > P°°(QW) 



1 



pri 



WUXxS n < >WxS n >P QO {QW)UP m {QW)xS" 



pi'i 



I 



pri 



(e w )- 1 

w — >p°°{nw). 

Taking push-outs of both right and center columns of the above diagram, we have a map 

(Ti : WxS n+1 -> P°°(nW)UP m (nW)xS n+1 with a 10 (l w xE n ) = E mtn oj mtn oa, 

where E n is the inclusion S n = S n x{0} ^ S n+1 = S n x [-1, l]/~, (x, -1) ~ {x, 1) ~ (*,t) 
for x G S n and t G [—1,1] and E m>n = lp°°(nw) x -En|p°°(fw)uP m (fW)xs™- By the definition 
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of 0i, we have cxi|xxs , ™+ 1 ~ jm,n+i°(o-(X) x ls«+i) and the difference between cxi|iyuxxs™+ 1 
and j m ,„+io((r(W / )xl 5 „ + i)| VFuXx5 n + i is given by £ m , n °7- Since P°°(TW)UP m (fW) x (S n xO) 
is compressible into P°°(QW), so is E mtn o^. Thus E m>n o^ ~ im o pr x °E m>n o^ = iniopr 1 o7 ~ 
in x opr x °im,n 3m,n°l ~ 0, where in x or pr x denotes an appropriate inclusion or projection. 
Then by using the same argument as in (2), we obtain (E m+l (Qi)*j n )oY] n+1 H m (f) ~ 0, if 
c&tWxS n < m+ 1. QED. 

4 Higher Hopf invariants and the reduced diagonal 

We state here another property of the higher Hopf invariants, which is a generalisation of 
Theorem 5.14 of Boardman- Steer |J. 

Theorem 4.1 Let V — > X — > 6e a cofibration sequence as above with catX = m. Then 
the reduced diagonal A m +i : W — > W m+1 — > A" 14 " 1 !^ denotes homotopic to the composition 
A m+1 eY°ZhW +1 oZ(E m+1 (tti)oH m (f))°q, where q is the collapsing map W -> ly/X = £V. 



Corollary 4.1.1 Lei X, / and W be as above with catX = m and cat W = m + 1. Then 
the n-fold suspension of the reduced diagonal A m+1 Al 5 n : WxS n — > W m+1 xS n — > A m+1 WAS n 
is homotopic to the composition T l n (A m+1 eY°^h^ +1 oY,(E m+1 (Qi)oH m (f)))oq ! where q denotes 
the collapsing map WxS n -> WxS n /(W UXxS n ) = [W/X)AS n = S n+1 V. 



For any space Z, Ganea showed that there is a commutative ladder of fibrations up to 
homotopy (see [5] or the proof of Theorem 1.1 of fTT|j): 



E m+ \nz) 



"m + 1 



E m+1 (QZ) 



a z 

<?m + l 



p m (nz) 



x 



m+1 



im+1 



(4.1) 



?m+l 



where q^ +1 : E m+1 ({lZ) -> Z^ is given by g£ +1 (£t^) = (4(V*m), -,C(W*m)), *m = 
max(t , ■■■,t m ) and A^ +1 denotes a map which makes the right hand square of ( |4~T| ) a homotopy 
pull-back diagram. 

Using the precise description of the fibration g m+1 , we obtain the following proposition. 
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Proposition 4.2 There exists a map e m+ i : Z^ m+l ^ U C{E m+l (VtZ)) — > Z m+l which makes 
the following diagram commute up to homotopy, where C denotes the functor taking unreduced 
cones with base point OA*: 



E m+1 (nz) 



a z 

1m+l 



■zi m +^ud{E m+1 {nz)) >A rn+1 mz 



E m+ \nz) 



m+l 



A m + l e Z 



■z 1 



m+l 



•A 



m+l 



where the upper row is a cofibration sequence. 

Proof. We define e m+1 : Z^ m+1 ^ U C(E m+1 (QZ)) -> Z m+1 by 

where l^ Q < 4 < m = 1 and t M = max(i , t m ) > By collapsing Z [m+l1 , we obtain a 

map e m+ i : S£" n+1 (fiZ) — * A m+1 Z from e m+ i, where S denotes the functor taking unreduced 
suspensions with base point OA*. e m+ i is given by e m +i(t A Et^) = £ (tt /t M )A...A£ m (tt m /tM)- 
Let us recall the homotopy equivalence s m+ i : T l E m+1 (QZ) — > A m+1 T,QZ given by 

s m+ i(t,Stj^) = (« Al , ...,u m A£ m ), Ui = t~, 0<i<m. 

tM 

Then we have the following relation of maps: A m+1 ef oh°s m+ i = e m+ i, where h : A m+1 T,QZ — > 
A m+1 Y,QZ is the canonical homotopy equivalence. Thus the proposition follows. QED. 



Proof of Theorem By Remarks |3.4| and [T6] and Propositions |3.3| and [4.2| , we have the 
following commutative diagram up to homotopy. 



V 

E m + 1 (Qi)oH rn (f) 

E m+1 {QW) 



"m + l 



E m+ \nw) 



f 



— >x< — 

■P rn {QW) 



. yy[m+l] 



w 



a(W) 



P m+1 (QW) >ZE m+1 (QW) 



EV 

E(E m + 1 (m)oH m (f)) 
m+l i 



w 



A m+ ioe^ +1 



m+l 



Am+ i e w oi:h w 



A rn+l W. 



QED. 



17 



Remark 4.3 For any structure map u(X), by naturality, we have 

A m+1 = (A m+1 ef )oSC +1 oS(E m+1 (^)o^)(/))og 
= (A m+1 ef)oSC +1 o Sj E; m+1 (^)oS^)(/)og 
= (A m+1 ef)o(A m+1 S^)oS^ +1 oS(^)(/))og 
= (A m+1 Oo(A m+1 ef)oE^ +1 oS(^W(/))og= (A™+H)oH< x \f)oq, 

where the composition Hm X \f) = (A m+1 e x )oT,h x l+1 o'E(Hm (f)) is the generalised version of 
the Ber stein-Hilton crude B. op f invariant (see Definition \2.6j ). Thus we have 

(A m+ H)* q*H^f) = {A m+1 }. 

5 Homology decomposition and product spaces 

In this section, we always assume that X is a connected finite complex with a homology decom- 
position {X t , ft : S t (X) — > X t }t>i of X, where S t (X) is the Moore space of type (H t+ i(X), t) 
for t > 1. By modifying the arguments given in Curjel we obtain the following result. 

Theorem 5.1 The homology decomposition {X t , f t : S t (X) — > X t } t >i of a simply connected 
space X satisfies = catXi < catX 2 < ... < catX t _! < catX t < ... < catX. If, in addition, 
catXfc_i = catXfc = m, then we can choose structure maps a k -\{X) : X^_i — > P m (QXk-i) and 
(Tfc(X) : X k — > P m (QX k ) for catXfc_i = m and catX fe = m to be compatible with each other, 
i.e. a k {X)\ Xk ~ <r k -x{X) in P m ({lX k ). 

Proof. To prove the former part of the theorem, it is sufficient to show cat X k < cat X k+ \ 
for k > 1. So we may assume that X = X k+ i and catX = m. If m = 0, then Theorem 
[5.1| is clearly true, and hence we may assume that m > 1. Then there is a homotopy section 
o~(X) : X — > P m (fiX). By induction on fc, we show the existence of a compression cr&;(X) : 
Xt -> P m (^X fc ) of a(X)| Xfc : X fc -> P m (fiX). In the case k = 1, we have X a = {*}, and 
hence the existence of 0i(X) is clear. In the general case k > 1, by the induction hypothesis, 
we have a compression <7fc_i(X) : X k _i — > P m (QX k _i) of a(X)oz fc _ 1 : X k _i — > P m (f2X), where 
it : Xt X denotes the canonical inclusion, t > 1; in addition, e m fc ~ 1 ocr jt _ 1 (X) ~ Let us 
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consider the following commutative diagram: 



E m+1 (nx k 



X k . 



<7fc - i(x) p m (Qx fc _ 1 ; 



*/c-i,fe 



•x, 



k r 



P m (Ci fc _ lifc ) 



*/c-i,fe 



■P m (nx k ) 



P m (m k ) 



>p m (nx) 



(5.1) 



x k 



Ik 



X, 



x fc _!< 

where i k -\,k : X k _i X& denotes the canonical inclusion. Also the fc'-invariant f k ~i induces 
the following cofibration sequence: 

C fk-1 V l k-l,k g k 

O k -l —* ^ -Afc — ^ 2jOfc_i. 

The obstruction to extend <j k -i(X) to X k is given by a map 7 = P m (fiifc_i i fc)ocr fc _ 1 (X)o/ A ._ 1 : 



Sk- 



P m {ytX k ). But the commutativity of the diagram (|5.1|) implies that °7 



ik-i,k°e m " 1 °(rk-i(X)of k _ 1 ~ i k -i,k°fk-i ~ 0. Hence 7 has a unique lift 7 : S^-i -> £ m+1 (OX fc ), 
which vanishes in P m+1 (f2X), since P m (f2ifc)°7 = -P m (^fc-i)°o"fe-i(A)o/ fc _ 1 ~ a(X)oi k ^ 1 of k _ 1 ~ 
0. Since X and X k are simply connected and (X, X k ) is fc-connected, (P m+1 (fiX), P m+1 (f2X fc )) 
is (fc+2m— l)-connected. Hence 7 vanishes since the dimension of S k -i is at most k < k+2m—2. 
Thus there is a map a' k : X^ — > P m (fiXfc) such that a' k oi k _ lik ~ P m (f2zfc-i,A,0°c r fc-i(^)- 

The difference between e^oo^ and the identity lx fe with respect to the co-action of ES^-i 
is given by a map 5 : £iS&_i — > X fe . By (|3.2|) , with V = Sfc_i, X = X k _i and = X fc , we have 
a surjection [ESfc-i, EfiXfc] — > [HS k -i, Xk) and hence 5 can be pulled back to 5o : HSk-i — > 
SfiXfc C P m (f2Xfc). By adding 5q to o^., we have a compression <jfc of lx h which is an extension 
of o"fc_i(X). Thus catX fc < m. 

The difference between P m (Qi k )o<j k and a(X)oi k with respect to the co-action of T*S k -i is 
given by a map e : ESfc-i — > P m (QX) which vanishes in P°°(f2X) ~ X. Thus e can be lifted 
to e : SS fc _i -> P m+1 (fiX). Since (P m+1 (^X), E m+1 (VLX k )) is (k + 2m - l)-connected and 
the dimension of ESfc_i is at most k + 1 < k + 2m — 1, £0 can be compressed into E m+l (QX k ); 
s : ^ P m+1 (fiX fc ) C P m+1 (fiX). Again by adding p% Xk oE to tr fc , we obtain a new 

structure map a k (X) : X k — > P m (f2Xfc) for catX^ < m as a compression of a{X)oi k) which is 
also an extension of o"fc_i(X). Thus we obtain the compression a k (X) of o"(X)oi fc for all k. The 
latter part of the theorem is clear by the definition of cr k (X). QED. 
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Now we apply the results in Section |3| for homology decompositions. Then we can show 
Theorems |3.8| (1) and |3.9| (1) in a slightly stronger form. Let catX^ = m > 1 for some k > 1, 
and let fk{X) : S k {X) — > be the ^'-invariant of the fc-th stage. We show that the obstruction 
for X k+ i to satisfy catXfc +1 = m is the set of higher Hopf invariants H^(f k (X)). 

Theorem 5.2 c&tXk+i = m if and only if E m+l (Qi k}k+ i)*H^ l (f k (X)) 3 0. Moreover, if one 
of the following three conditions is satisfied, then catX^+i = m if and only if H^(fk(X)) 3 0. 

(i) m > 3. 

(ii) X is simply connected and m > 2. 

(Hi) X is simply connected and Ext(H k+1 (X), H 2 (X)®H k+1 (X)) = 0. 



Proof. If cat X k+ i = m, then by Theorem |5.1| , there exists a structure map o~ k (X) for cat X k = m 
such that P m (fli ktk+ i)oak(X) is extendible to For this particular choice of a k (X), we 

obtain, by Proposition |3l| the following diagram except for the dotted arrows commutative up 
to homotopy. 



VlXh 



Sk(X) 

H a m k{X) (MX)) 



Qii. 



k,k+l 



nx, 



k+l 



(nx k 



Pm 



k+l, 



l h+l 



*X k c - 

a k (X) 

~P""(nx k ) 

P m (m k , k+1 ) 

■ p m (nx k+1 )- 



■x, 



k+l 



o"fc+l 



p 



m+li 



v k+l 



L (QX k+ i). 

Thus the extendibility of P m (tti kjk+1 )oa k (X) implies that p^ Xk+1 oE m+1 (ni k)k+1 )oH^ k{x) (f k (X)) 
~ P m {Vti k ^ k+ i)oa k {X)of k i y X) is trivial. Since p^ k+1 induces a split monomorphism of ho- 
motopy groups with any coefficient groups, we have that E m+l (Qi kjk+ i)oHm ^ X \f k (X)) is 
trivial. In each case of (i), (ii) or (iii), we show -K k (E m+l {VtX k+1 ), E m+1 (nX k ); H k+1 (X)) = 
n k+1 (E m+1 (nX k+1 ),E m+1 (nX k );H k+1 (X)) = 0. 

Case (i): The pair (E m+1 (nX k+1 ), E m+1 (ttX k )) is (k + m - l)-connected, m > 3. Hence, 
ir k+1 (E m+1 (QX k+1 ),E m+1 (nX k y,H k+1 (X)) = for dimensional reasons. 

Cases (ii) and (iii): The pair (E m+l (QX k+1 ), E m+1 (QX k )) is (k + 2m - ^-connected. When 
m > 2, we obtain n k+ i(E m+l (QX k+ i), E m+1 (QX k ); H k+ i(X)) = for dimensional reasons. 
When m = 1, by the Universal Coefficient Theorem for homotopy groups, we obtain 

n k+1 (E 2 (nX k+1 ), E 2 (nX k ); H k+1 (X)) = Ext(H k+1 (X), H k+2 (E 2 (nX k+1 ), E 2 {QX k ))). 
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For dimensional reasons, we have 

H k+2 (E 2 (nx k+1 ),E 2 (nx k )) = F fc+2 (5 1 (x)*5 fc (x)v5 fc (x)*5 1 (x)) 

= H 2 (X)®H k+l (X)®H k+l (X)®H 2 (X), and hence 

7r fe+1 (e 2 (nx k+1 ) ,E 2 (nx k y, H k+1 (X) ) 

= Ext(H k+1 (X), H 2 (X)®H k+1 (X))® Ext(H k+1 (X), H k+1 (X)®H 2 (X)), 

which is trivial if Ext{H k+1 (X), H 2 (X)®H k+1 (X)) = 0. 

Hence by assuming (i), (ii) or (iii), we obtain that E m+1 (ftih J k+i)* : 7i k (E m+1 (QX k )) = 
[S k (X),E m+1 (nX k )} -> [S k (X),E m+1 (nX k+1 )} = ir k (E m+1 (nX k+1 )) has no non-trivial kernel. 
Thus the set H^{f k {X)) contains = H% (X) (f k (X)). The converse is an immediate conse- 
quence of Theorem |3l] (1). QED. 

Let catXfc + i = m + 1, in other words, the set E m+1 (Qi ktk+ i) 3f H% l (f k (X)) does not contain 
0. Then the following theorem is an immediate consequence of Theorem |3.8| (2). 

Theorem 5.3 If the set £™if^(/ fc (X)) contains 0, then cat X k+ ixS n = catX fc+ i = m + 1. 

Corollary 5.3.1 If the set ?i!^(f k (X)) contains 0, then X k+ i is a counter example to Ganea's 
conjecture. 

Also let n > 1, cat Y > n+1. Let cat = n > 1 for some ft, > 1, and let fh{Y) '■ Sh{Y) — > 
be the /c'-invariant of the h-th stage. We know, by Theorem |5.2| , that the obstruction for Y^+i 
to satisfy catYh+i < n is the set of Hopf invariants H^(fh(Y)). We define another set 

Definition 5.4 

H^ n (f k (X), f h (Y)) = {g x *g Y | g x E H^{f k {X)) and g Y e H%{f h (Y))} 
Then we have the following theorem. 

Theorem 5.5 // the set H^ n (f k (X), fh(Y)) contains 0, then catX fc+ ixy ft+1 < m + n + 2 = 
catX fc+ i + cat Y h+ i. 

Proof. The proof is obtained by a similar argument given in the proof of Theorem ^]8| (2) using 
the following diagram instead of the diagram in Proposition |3.7| : 
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?fc + h + l(^fe + l X^i+l) ■ 



[fk(X)J h (Y)Y 



E m+1 {Q.X k )*E n+1 {UY h ) 



J B m + 1 (ffifc,fc+i)*E n+1 (^,/ l +i) 



nx k+1 nr h+1 



.X k+1 xY h UX k xY h+1 



(v k+1 (X)xa h+1 (Y))\ 



p m+1 (nx k+1 )xP n (nY h ) 
uP m (nx k )xP n + 1 (nY h+1 ) 



p m+1 {nx k+1 )xP"(<nY h+1 ) 
up m (nx fc+1 )xp»+ 1 (ny jl+x ) 



■P m + 1 (ClX k+1 )xP n + 1 (SlY h+1 ), 



The details are left to the reader. 



QED. 



6 Higher Hopf invariants for some examples 



In this section, we compute the higher Hopf invariants for well-known examples, which yields 
a generalisation of the main result of |lTJ : We denote by C ~ M 2 the field of complex numbers, 
by EI pa M 4 the algebra of quaternion numbers and by O pa 1R 8 the Cayley algebra: 

Example 6.1 We know that catCP m = m and dimCP m = 2m. Hence dimCP m = 2m < 
2m + 2 — 2. Thus CP" 1 has a unique structure for catCP m = m. The higher Hopf invariant 
H m : [V, CP m ] — > [V, QCP m *- ■ -*flCP m } gives a (unique) homomorphism 

H m : vr 2m+1 (CP m ) -> 7r 2m+1 (fiCP m *. • -*QCP m ) Z 

with the canonical projection p^ : S 2m+1 — > CP m a 'higher Hopf invariant one 7 element. 

Example 6.2 VFe foicw i/iai catHP m = m and dimELP m = Am. Hence dimHP m = Am < 
Am + 4 — 2. Thus M.P m has a unique structure for catHP m = m. The higher Hopf invariant 
H m : [V, HP m ] [V, QMP m *- ■ -*nMP m ] gives a (unique) homomorphism 

H m : 7r 4m+3 (HP m ) -> 7r 4m+3 (fMP m *- • -*ifflP m ) = Z 

wift the canonical projection p^ : 5" 4m+3 — > HP m a 'higher Hopf invariant one 7 element. 

Example 6.3 We know that cat OP 2 = 2 and dim OP 2 = 16. Hence dim OP 2 = 16 < 
8x2 + 8 — 2. Thus OP 2 has a unique structure for cat OP 2 = 2. The higher Hopf invariant 
H 2 : [V,OP 2 ] -> [V, fiOP 2 *fiOP 2 *fiOP 2 ] flwea a (unique) homomorphism 



H 2 : 7r 23 (OP 2 ) -> 7T2 3 (fiOP 2 *fiOP 2 *fiOP 2 ) ^ Z. 



22 



But there are no elements of 'higher Hopf invariant one': The existence of such a higher Hopf 
invariant one element implies that the Hopf space S 7 is homotopy associative. As is well-known, 
the p-local Hopf space SJ-, is homotopy associative for p > 5 (in view of j^j and J73|/, it 
actually is an A p _i-space). However, by using primary cohomology operations, one can easily 
see that any Hopf structure on Sj^. is not homotopy associative. Hopf space theorists were, 
however, much more interested in the case p = 2. And it was known by Goncalves Hffl, using 
higher order cohomology operations, and by Hubbuck fiQj, using K-theory Adams operations, that 
any Hopf structure on SL-s is not homotopy associative (but the result itself had already been 
known by James). Hence, the image of the higher Hopf invariant homomorphism is in 6Z C Z. 



Example 6.4 Form,n > 1 and p >m + 2, let f miP = p^°g m , P '■ S 2mp+2(j} ^ 1 — > CP m , where 
g m , P ■ S^p+^p-V- 1 -> S 2m+1 denotes the generator of ix 2mp+ 2{p-i)-i(S 2m+1 ) Z/pZ and p^ 
: S 2m+1 — > CP m denotes the projection which gives a 'higher Hopf invariant one' element as 
in Example \6.J\ . For dimensional reasons, the map g mjP is a co-H-map. Hence, by Proposition 
2.1\ (l), H m (f m> p) = g miP 7^ 0, and hence S n if m (/ mjP ) is trivial if and only ifn > 2, by Theorem 



13.4 in Toda [2l 

LetQ mtP be the mapping cone of f miP : Q m ,p — CP m Uf mp e 2mp+2 ^ p ~ 1 ' . Then, by Theorems 3J. 



and \3.Q and Remark \3.1(\ it follows that cat Q m , P — m + 1 and m + 1 < cat(Qm,pX5' 1 ) < m + 2 
but cat(Q m:P xS n ) = m + 1 for n > 2 by Theorem \3~$(2). 



Remark 6.5 (1) Every example in this section supports Conjecture \2.3\ . 

(2) The space Q m ,p in Example \6.J\ is a generalisation of Q p in / |77| / except Q 2 . Actually, 
Ganea's conjecture for Q m , P is true if we consider cat g , for q ^ p, instead of cat or cat p . 

7 LS category of sphere-bundles-over-spheres 

Let r > 1, t > 1 and £ be a fibre bundle over S t+1 with fibre S r . Then E has a CW 
decomposition S r U a e m e t+T+1 with a : S* -> S r and ip : S t+r -> Q, Q = S r U Q e t+1 . We 
identify H±(a) with its unique element, say ifi(a), since S k has a unique structure map for 
c&tS k = 1. 

Fact 7.1 Let a = ±ls r , the identity. Then clearly cat Q = and cat E = 1. In addition, 
catQxS" = 1 and cat ExS n = 2 for n > 1. 
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The following fact is an immediate consequence of Berstein-Hilton and a cup length 
consideration. 

Fact 7.2 Let a 7^ ±lgr. Hence 1 < catQ < 2. Then catQ = 2 if and only if Hi(a) 7^ 0. In 
particular if H\(a) = 0, we can easily obtain that c&tQ = 1 and caXE = 2. In this case, it also 
follows that cat Qx S n = 2 and cat Ex S n = 3 /or > 1 . 



By Theorem |3.9| and Remark |3.10| , we can extend the main result of |TTj . 



Theorem 7.3 Let H x {a) ^ 0. Hence catQ = 2. Then for n > 1, catQxS" = 3 ifY, n Hi(a) ^ 
with n>t-2r + 2 or T, n+l H 1 (a) ^ 0. 

We give a partial answer to Ganea's Problem 4 (see |]]) for sphere-bundles-over-spheres. To 
show this, we need the following lemma. 

Lemma 7.4 The collapsing map q : E — > E/Q = S t+r+1 induces a map with trivial kernel 



{Z n qy : [S' 



n+r+t+l nn+kr 



,s r 



[E n E, S n+kr ] for allk>3 andn>0. 



Proof. The cofibration sequences S r+t -> Q ^ E and S* -> S r -+ Q together with the bundle 
projection p : E — > S t+1 induce the following commutative diagram: 



n+t+2 nn+kri 



[S n+t+ \ s 



S n+1 



n+1 771 on+kr] 



[£ n+1 £, s 



where the column and row are exact sequences. Since k > 3, we have n + r + 1 < n + kr and 
7r n+r+1 (5 n+fcr ) = 0. Hence (Z n+1 p\xn+i Q )* is surjective, and so is (£ n+1 j)*- Thus (£ n +V)* is 
trivial and the map (E n g)* has trivial kernel for k > 3 and n > 0. QED. 



Theorem 7.5 Lei H x {a) ^ 0. i/ence 2 < cat£ < 3. Then c&tE = 3 ifY, r+1 h 2 {a) ^ 0. 
cati? = 2 if H^ijp) or its subset iff 5 ^) (see Remark \37b] for its definition) contains 0. 
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Remark 7.6 In the latter case of cat E = 2, it is known that cat ExS n = 3 for n > 1 by using 
a cup length argument on the cohomology ring (see Singhof ^W). 



Proof of Theorem |7.4 Let q' : E — > E/S r , q" : Q — > Q/S r be respectively the collapsing maps. 



The reduced diagonal map A 2 : E -> £A£ factors as £ X S m Ue r+m ^ (S r U e m )A(S r U 
e* + ) C EAE, which is an extension of the map 

Q U S t+1 2* ' S r AS r C EAE by Theorem 
5.14 of Boardman- Steer |||. In this case, the generator in H r+t+l (E;7*) is a cup product of 
generators in H r (E;'Z) and H t+1 (E;7i). Then it follows that the mapping degrees of A 2 on 
e r Ae t+1 and e t+1 Ae r are 1. Hence the reduced diagonal map A 3 = (A 2 Al jB )oA 2 : E — > EAEAE 
factors as £ ^ S r+f+1 ^ S m AS r sr+ ^ 2(a) ^AS r AS r C EAEAE. Hence A 3 is the composition 
of £ r+1 /i 2 (a)og with a suitable inclusion, which does not depend on the choice of o~(Q). By 
Lemma |7.4] , g* : [S' r+<+1 , S 3r ] — > [£7, S' 3r ] has trivial kernel, and hence the non-triviality of 
E r+1 /i 2 (a) implies the non-triviality of Y7 +l h 2 {a)oq. Then, for dimensional reasons, it follows 
that A3 is also non-trivial. Then by Theorem W\ it follows that H^ip) does not contain 0, and 



hence we see that cat E = 3 by Theorem |5.2|. The latter part is clear by Theorem |5.2|. QED. 



We next study the LS category of ExS n . To do this, we need the following lemma. 

Lemma 7.7 The collapsing map q : ExS n — > ExS n /(E U QxS n ) = S n+r+t+1 induces a map 
with trivial kernel 

^ . [S-n+r+m 5 n+fer] ^ [£ XjS « ^n+Ar] /or a U k > 3 and n > 1. 

Proof. Let us recall that the space E V 5" is a retractile subspace (see Zabrodsky P5[ ) of 
both £xS n and £ U QxS n . The cofibration sequences 5 n+r+ * £ EUQx5" X £xS n , 
Ey S n ^ ExS n EAS n and E\/ S n ^ EUQxS n ^ QAS n induce the following com- 
mutative diagram: 

[E(£AS n ), S n+fcr ] i [E(QAS n ), S n+fcr ] * { S n+r+t+1 , S n+kr ] - — —> [EAS n , S n+kr ] 



(Sqo)* 



[E (E x S n ) , S n+fcr ] ^ [E(£ U QxS n ), S n+kr ]—> [ S n+r+t+1 , S n+kr ] — ► [-ExS", S 



(So)* 



[E£VE,S n , S n+fcr ] = [ESVE5 w ,5 n+fcr ], 

where the columns are exact sequences and the rows are split short exact sequences with natural 
splittings (see Zabrodsky |[28|| ). By the proof of Lemma |7.4j , (E n+1 j)* is surjective, and hence 
so is (Ej')*. Thus (S?//)* is trivial, and hence q* has trivial kernel for k > 3 and n > 0. QED. 
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Theorem 7.8 Let £ r+1 /i 2 (a) ^ 0. Hence cat E = 3. Then for n > 1, catExS n = 4 if 
E n+r+1 h 2 (a) ^ 0. Also for n > 1, catExS n = 3 ifH§(i/)'), S"if 2 5 (^) or £™fP/ 5 (?/>) 9 0. 



Proof By the proof of Theorem [7J| the n-fold suspension of the reduced diagonal map A 3 Al5n 
: EAS n — > E AE AE AS n is the composition of £ n+r+1 /i 2 (a0 o( 7 with a suitable inclusion, which 
does not depend on the choice of a(EUQxS n ). By Lemma |77|, q* : [ ( S' n+r+t+1 , S 1 "^] -> 
[£xS' n ,S n+3r ] has trivial kernel, and hence the non-triviality of £ n+r+1 /i 2 (aO implies the non- 
triviality of Y7 l+r+l h2{ct)oq. Then, for dimensional reasons, it follows that AsAlsn is also non- 
trivial, and hence the four-fold reduced diagonal A4 of ExS n is non-trivial. Thus by Theorem 



OJ, S^ifg (?/>') and ifg (?/>') do not contain 0, and hence we see that c&tExS n = 4 by Theorem 
j2| with m = 3. The latter part is clear by Theorem ^2 (in the case of H^(ip f )) and Theorem 



3 (in the case of E£#f(V>) or S"i/| 5 (^)). QED. 

8 Manifold examples 

The Hopf fibration (T4 : S 7 — > S* 4 is given as a principal Sp(l)-bundle. Taking orbits of the 

action of 17(1) C 5p(l) on S 7 , we obtain a fibre bundle CP 3 -> S 4 with fibre Sp(l)/U(l) « S 2 ; 

the structure group 5*p(l) acts on the fibre S 12 via a map, say /x : S 3 xS 2 — > S 12 . Here the CW 

' 3 is known as CP 3 = CP 2 U s ie 6 = S 2 

P2 

map pf of the top cell of CP 3 is given by the composition 



decomposition of CP 3 is known as CP 3 = CP 2 U p |ie 6 = S 2 e 4 U p |ie 6 . Hence the attaching 



^ 1W£ C{S 3 )uS 3 xS 2 * , cp2) 

where x 4 denotes the map defined by fi\ S 3 xS 2 = fi and fi\c(s 3 ) — X4j the characteristic map of 
the top cell of CP 2 . 

Definition 8.1 For any map (3 : S l —>■ S 3 , we may assume that the suspension S/3 : S t+1 — > 5* 4 
zs a C°°-map by suitably deforming it up to homotopy, since S t+1 and S 4 are closed C°°- 
manifolds. We define E{(3) to be the total space of the Sp{l) -bundle E{(3) — > S t+1 induced 
by the C°°-map S/3 from the Sp{l) -bundle CP 3 — > S 4 . Hence E(/3) is an orientable, closed 
C°° -manifold with CW decomposition E(j3) = S 2 U vo p e t+1 U^p) 



e t+3 . 



For a map (3 : S* — > S 3 and a suspension map 7 : S 1 ' — ► S* with 3 < t < t', we denote (3' = 
pory, and then we have E((3') = S 2 U^p e'' +1 U^, (( g/ ) e t ' +3 . By putting = S 2 U^ 0/3 e m C £(/?) 
and Q(/3') = S* 2 U^ /3' e*' +1 C E(f3'), we have the following commutative ladder of cofibration 
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sequences: 



no 0' 




■QW) 



70 



s 



£7 



t'+l 



.1) 



s l — - — - s 2 < QW) > s t+1 ► s 3 , 

where 7 = j\q(0') and 7 : E{(3') — > P(/3) is the bundle map induced from £7 : S t>+1 — > S' t+1 . To 
compare the higher Hopf invariant of ijj(f3) with that of ip(fl'), we show the following proposition. 



Proposition 8.2 With respect to 'standard' structure maps (see Remark \3. 6j ), 70 is 'primitive' 
in the sense of Berstein and Hilton. 



Remark 8.3 CP 2 has a unique structure map a 2 (CP ) for cat CP < 2 (see Example |ff. i| j 



Proof of Proposition |8.2j . By Proposition |3l| and Remark |3.4j , there are maps a' 2 (Q((3)) : 
Q((3) -> P 2 (nQ({3)) and a' 2 (Q((3')) : -> P 2 (ftQ(/T)). Since 7 is a suspension map, the 

'naturality' of Lemma |3.5| implies a homotopy (relative to S 2 ): 



P 2 (n 7 oK(W)) ~ ^(Q(^))o 7o : (Q(/3'), S 2 ) - (SfiQ(/5'), Sfi5 2 ). (8.2) 

Let us recall what is in Remark 3J3: The difference between e 2 ^oa' 2 (Q((3)) and 1q(0) with 
respect to the co- action of S t+l is given by a map 5 : S t+1 — > Q{(3) which can be pulled back 
to a map 5 : S t+1 -> EnQ(/3). Also the difference between ef P ' ] oa' 2 {Q (/?')) and 1q(/3') with 
respect to the co-action of S**' +1 is given by a map 5' : — ► Q(f3') which can be pulled 
back to a map S' : -> SfiQ(/3')- Let a 2 {Q{/3)) = <r£(Q(/?)) + 4* W) °6o and <r 2 (W)) = 

a 2(QW)) + tf^^^o^o) where the addition is induced from the co-actions of S q+1 = Q(/3)/S 2 
on Q(/3) and of S t>+1 = Q((3')/S 2 on Q(J3'), respectively. Then a 2 {Q{0)) and a 2 (Q((3')) are 
genuine compressions of 1q(b) an d 

Using the homotopy ( |3.2|) , we obtain a homotopy (relative to S* 2 ) 

Tooe^'W^Q^')) ~ /3) oP 2 (fi 7o )o^(Q(/3')) ~ e? ( P) oa' 2 {Q{(3))^ 
:(Q((3'),S 2 )^(Q((3),S 2 ), 

and hence a homotopy (relative to S 2 ) 

e? (/3) o^(Q(/3))o 7o + 5oS 7 ~ (e? (/3) o^(Q(/3)) + 5)o% ~ 7o ~ V^W^)) 

~ 7ooe? (/3,) o^(Q(/3')) + 7o°5' ~ e? (/3) o<7 2 (Q(/3))o T o + 7o o5' : (Q(/3'), S 2 ) - (Q(/3), S 2 ). 
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Hence the difference of £oE 7 and 7 o°<5' is trivial in 7r t '+i(Q(P)) by using the ordinary obstruction 
theory (see |27|). Thus the difference of <5o°£ 7 and £f2 7 o°5 in 7iy+i(£flQ(/3)), which is given 
by a map eo : — >■ SOQ(/3), vanishes in 71*/+! ($(/?')). Thus eo can be lifted uniquely to a 
map eo G 7Ti' +1 (i^ 2 (OQ(/3) )) by the arguments given in Remark This implies that l^® osq 
is trivial in 7r t / +1 (P 2 (fiQ(/3))). This yields the following homotopy relative to S 2 : 

P 2 m,)oa 2 {Q{(3')) ~ P 2 (fi 7 oX(Q(/3')) + P 2 (fi 7 o)o^ Q(/3,) o5 
~ P 2 (^ 7 oK(W)) + ^ Q(/3) o5 oS 7 + ^ Q(/3) oeo 
~ ^(W))°7o + ^ Q(/3) o5 °S 7 ~ a 2 (g(/3))o 7o . 



This completes the proof of Proposition K72 



QED. 



The attaching map ip(f3) of the top cell of E(f3) is given by the composition 



' - — — CiS^US'xS 2 



s l *s 



Q(P), 



where xp denotes the map defined by ftpls^s 2 — t L o°(P x ^s 2 ) an d Aslc^s*) = Xt+i the charac- 
teristic map of the top cell of Q{(3). Then a direct calculation shows that the following diagram 
is strictly commutative: 



■C{S l )US l xS 



W) 



7*1,1 



To 



5 



4 1 [C(V) ' Slsir ' C(^)U^x5 2 



To 



i.3) 



where 7 o is given by 7 olc(s*') = an d lolst'xs 2 = l x ^s 2 - Thus we have that 7 o°V , (/5° 7 ) ~ 
■0(/3)o( 7 *l s i). By Proposition |2.11| and Proposition jST2"l , we have the following theorem. 

Theorem 8.4 For a map (3 : 5* — > S 3 and a suspension map 7 : 5* -> 5* twi/i 3 < t < t' we 
have that P 3 (fi 7o ),/P| s (^(/3o 7 )) = ( 7 *l 5l )*^ 2 S5 (^(/3)) = ±(£ 2 7 )*/Pf^(/?)) 

Corollary 8.4.1 (%) J/^o 7 = m 7i t , +1 (S 3 ), then (S 2 7 )*if 2 5S (^(/3)) = {0}. 

(2) If (3 : S* —* S 3 of finite order £ with t > 3, then each element of (ip(f3)) zs a/so o/ 
/imte order which divides £. 



We now prove the following lemma, making use of the notation of EH . 
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Lemma 8.5 Letp be an odd prime, j3 the co-H-map «i(3) : S 2p — > S* 3 and 7 t/ie suspension map 
a 2 {2p) = S 2p - 3 a 2 (3) : S 6p ~ 5 -> S 2p . Then £*#f (^(ai(3)oa 2 (2p))) contains the composition of 
±ai(6)oa; 2 (2p + 3) with the bottom-cell inclusion. 

Remark 8.6 The composition a!(5)oa 2 (2p + 2) zs trivial for all odd primes p except the prime 
3. At the prime 3, ai(5)oa 2 (8) = — 3/3i(5) 7^ and a;i(7)oa 2 (10) = by Lemma 13.8 and 
Theorem 13.9 in $1]. 



Proof. Firstly we summarise here some well-known results on odd primary components of stable 
and unstable homotopy groups of spheres. 

By Theorem 6.2 of Oka |T7[, we know the following fact: 



Fact 8.7 Letp be an odd prime. Fork < 2(p+3)(p— 1)— A, the p- component of stable homotopy 
group of the k-stem p n^ is trivial unless k = 2r{p — 1) — 1 (1 < r < p + 2), 2p{p — 1) — 2 and 
2{p + l)(p — 1) — 3. In addition, all the non-trivial groups are given as follows: 

p n 2r(p-i)-i — ^ j /p r ^> generated by a r , r 7^ p, 
P n 2 P (p-i)-i — Z/p 2 Z generated by a' p , 

r 2p(p-l)- 

p /r 2(p+l)(p-l)-3 = ^IV^ geueruieu uy ui°^i, 

where a r is defined inductively using Toda brackets: a r = (a r -x,pL, a\) . Note that a p = pa' p . 
At p = 3, we remark that (3\ is given by a Toda bracket (ati, ot\, cti) . 



p 7r fp(p-i)-2 — Z/pZ generated by Pi, 
^2(p+i)(p-i)-3 - generated by a^Pi 



On the other hand, by (13.5) in [25], we know the following fact: 



Fact 8.8 7r am _i +fc (S ,2ra - 1 ) (p) = p tt£ if ^ < m. 

Since 2p % p ] _-* +3 < P+l and 2(p+l)-l = 2p+l, we have 7t 2(p+1)(p _ 1)+1 (5 2 p +1 ) (p) P 7rf p(p _ 1) _ 2 = 
Z/pZ E5 Pi. Hence there is a generator /3i(2p+l) of vr 2 ( p+ i)( p _i) + i(S' 2p+1 )(p) = Z/pZ correspond- 
ing to the stable element Pi. 
In 

7r 2(p+2)(p-i)+3(5' 6 ); we know the following fact: 
Fact 8.9 a 2 (6)o/5 1 (4p + 1) = in 7t~2(p+2)(p-i)+3{S 6 )( p ), which is obtained by a similar argu- 
ment given in Page 184 °f MM us ^ n 9 (13.8) and Propositions 1.4 and 1.3 in fiSSj]: 

a 2 (6)opi(Ap + 1) e 2{ai(6), ai{2p + 3),^ 4p }i°A(4p + 1) 

= 2a 1 (6)oE{ai(2p + 2),pi^_ 1 ,/3 1 (4p-l)} 
C 2ai(6)o{ai(2p + 3),pi 4p ,Pi(4p)} 1 , 
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where {a x (2p + 3),pt 4p , /?i(4p)}i is a subset of 7i2( P +2)( P -i)+3(S 2p+3 ) {p) = p vrf (p+1)(p _ 1) „ 2 = 0, 
since 2(P+I j(pll)~ 2+3 < V + 2 and 2(p + 2) - 1 = 2(p - 1) + 5. 

In 7T6 P _5(S' 3 ), we also know the following fact: 

Fact 8.10 ai(3)oa 2 (2p) = 2a 2 (3)oa 1 (4p — 2), which is obtained by a similar argument given 
in Page 184 °f WW using (3.9) (i) and Propositions 1.4 and 13.6 in WW: 

« 2 (3)o« 1 (4p - 2) G {ai(3), E(pt2p_i), S ai (2p - l)} 1 oE 2 a 1 (4p - 4) 

= ai(3)oS{pi 2 p-i, «i( 2 P - 1), ai(4p - 4)}, 

where the unstable Toda bracket {pL 2p -i, oi\{2p — l),«i(4p — 4)} C vr 6p _ 6 (S' 2p_1 )(p) = p 7r£,_ 5 = 
Z/pZ{a 2 } corresponds to the stable Toda bracket (pu, a.x, ax) = \a 2 , sznce -^zjy < 3 < p and 
2p — 1 = 2(p — 1) + 1. T/ius {pt2 P -i, ai(2p — 1), ai(4p — 4)} determines ~a; 2 (2p — 1) , and hence 
ai(3)°a 2 (2p) = 2a 2 (3)oa!(4p - 2) m vr 6p _ 5 (S' 3 )(p). 

Next we apply these facts to higher Hopf invariants. 

By Fact |8l| we have a 2 (2p)o/5!(6p — 5) = 0, since p > 3. Then by Theorem 
(£ 2 /?i(6p - 5))*iJ 2 5S ^(ai(3)o a2 (2p))) 



±E%np 1 (6p - 5) )^ 2 S5 (^(« 1 (3)oa 2 (2p)o / g 1 (6p - 5))) = {0}. 



U) 



By Fact 8.10 and Theorem |S.4| , we have 

E 3 (fia 1 (4pT r 2) )^ 2 9S (^(«i(3)o« 2 (2p))) 

= E 3 (fia 1 (V r 2) )^ 2 9S (^(2a 2 (3)oa 1 (4p-2))) 

= 2e(£ 2 a 1 (4p - 2))*# 2 S5 (^(a 2 (3))) = 2ea 1 (4p)*#f ? (V;(a 2 (3))), 

where e = ±1. Here we see that E 3 (QQ(a 2 {3))) ~ fiQ(a 2 (3))*f]Q(a 2 (3))*fiQ(a 2 (3)) has 
the homotopy type of a wedge sum of spheres up to dimension 4p + 1(> 4p — 2). Since the 
suspensions of Whitehead products are trivial, each element of £if 2 s ' s '(?/>(a 2 (3))) has the form 
aiioa 2 (6) + 6i 2 oa 1 (2p + 4) by dimensional considerations, using Facts |8~7| , jjT8| and Corollary 
B.4.1| (2), where a, b are integers modulo p and ti : S e •— > S£' 3 (fi(5(a 2 (3))) and i 2 : ,S 2p+4 <^-> 
Si? 3 (fiQ(o; 2 (3))) denote appropriate inclusion maps. Since ai(5)°ai(2p+2) = by Facts |3^T| and 
|3l| we have ai(2p + 4)°ai(4p + 1) = 0, and hence each element of 2ai(4p + l^E^if^^^^))) 



has the form 2aa 2 (6)oai(4p + 1) = aa!(6)oa 2 (2p + 3) by Fact 8.1C . On the other hand, we know 

2/i 2 (r7 2 oa 2 (3))oa 1 (4p - 2) = 2/i 2 (r/ 2 oa 2 (3)o ai (4p - 2)) 

= h 2 (r] 2 oa 1 (3)oa 2 (2p)) = ai(3)oa 2 (2p) = 2a 2 (3)oai(4p - 2), 
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and hence S 3 (/i 2 (?72 o «2(3))oQ;i(4p — 2)) = a 2 {Q)oa\(Ap + 1). By the proof of Theorem |T75| , 
S 3 /i 2 (^2°a2(3))oai(4p - 2) is given by the composition of ±«i(4p + l)*£*iJf s '(^(a 2 (3))) with 
an appropriate inclusion map by Theorem [O] and Remark \l.3\ Thus we have a = ±1 and 
2«!(4j9+ l)*o£,#f 5 (^(ct 2 (3))) = {± ai (6)oa 2 (2p + 3)}, and hence we have 

SE 3 (fia 1 (47 r 2) ),oS^f(^(a 1 (3)o« 2 (2p))) 

(8.5) 

= 2e ai (4p + l)*oS,if 2 S5 (V'(a 2 (3))) = {e'a 1 (6)oa 2 (2p + 3)}, e' = ±1. 



By (13.10) in p5| |, we know that h p (a 2 (3)) = xa\{2p + 1) for some i / £ Z/pZ and 



there are no other non-trivial James Hopf invariants /ij(a 2 (3)), 1 < j ^ p for dimensional 
reasons. Hence we have Sad(a 2 (3)) — 6io« 2 (3) + 6io« 2 (3) = Hi(a 2 {3)) = xt 2 oai(2p + 1), where 
i\ : S 3 —>■ Y,QS 3 and i 2 : S* 2p+1 — ► SfiS* 3 denote appropriate inclusion maps (see Remark ^). 
Thus the attaching map of the 4p — 1 cell in Sf2Q(a 2 (3)) — Y,Q(S 2 ) corresponding to that in 
Q(a 2 (3)) = S 2 U moa2 (3) e 4p_1 is given by 

£ad(r?oa 2 (3)) = Sfir/oSad(a 2 (3)) = Sfir/o(Sad(a 2 (3)) - a 2 (3) + a 2 (3)) (8.6) 
= S^o(Sad(a 2 (3)) - a 2 (3)) + Sfir/oa 2 (3) = xYMrjoa^p + 1) + £fir?°a 2 (3). (8.7) 

Then it follows that the attaching maps of cells in 

QQ(a 2 {3))*QQ{a 2 (3))*QQ(a 2 (3)) - Q(S 2 )*Q(S 2 )*Q{S 2 ) 

up to dimension 8p — 2(> 6p — 2) are given by suspensions of £ ad (?7°a 2 (3)). Hence by fl8.5| ) 
and (p.6|), there is an integer y such that each element of J^^H^ 5 ( < 0(o!i(3)oQ! 2 (2p))) has the form 

e'ai(6)oa 2 (2p + 3) + y£ 2p £ad(r7oa 2 (3)) 

= e'a 1 (6)oa 2 (2p + 3) + y{xS 2p+1 ^o ai (4p + 1) + S 2p+1 fir/oa 2 (2p + 3)}. 

If y is non-zero modulo p, then each element of /3i(6p — 2)*£*iJf 5 (-0(a;i(3)oa 2 (2£>))) has the 
form 

e'ai(6)oa 2 (2p + 3)0^(6? - 2) + y{a;S 2p+1 ^oai(4p + l)o + Y? p+l Vtr]oa 2 (2p + 3)}o/3 1 (6p - 2) 
= yx£ 2p ffy°ai(4p + l)o/3i(6p - 2) ^ 0, 

since EftS 2 ~ E^xOS 3 ) ~ S 2 V EftS 3 V S 2 fi5 3 . This contradicts (g§. Thus we obtain 
^H^ s (^( ai (3)oa 2 (Ap - 2))) = {e' ai (Q)oa 2 (2p + 3)}, e' = ±1. QED. 

Using this, we show the following theorem. 
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Theorem 8.11 There is a series of simply connected closed C°° -manifolds N p indexed by odd 
primes p > 5 with cat N p = cat (N p — {P}), where P is a point in N p . 



Remark 8.12 The manifold N p does not have the property in Theorem \8.1J\ if we consider 
c&tq , for any prime q ^ p, instead of cat or cat p . 



Proof of Theorem \8.11\ . We fix the prime p > 5 and let L p = i?(ai(3)oa 2 (2p)) for the prime 



p (see Theorem 13.4 in p5|). Then L p is a C°°-manifold with a CW decomposition S U a 
e 6p_4 U^( ( g)e 6p ~ 2 , where a = r]o/3 and (3 = a 1 (3)oa 2 (2p). Here, «i(3) is a co-H-map and a 2 (2p) 
is a suspension map, and hence we have /i 2 (?7 «i(3)°a:2(2p)) = ai(3)oa: 2 (2p) by Proposition 
2 . 1 1| ( 1 ) . Also by Proposition 13.6 and (13.7) in |25|] and by the fact that S 3 is an H-space, we 



know that 

ai (3)oa 2 (2p) ^ 0, S 1 (a 1 (3)oa 2 (2p)) ^ but £ 2 ( ai (3)oa 2 (2p)) e 7r 6p _ 3 (S 5 ) ip) = 0, 



which implies that /i2(^7°ai(3)oa2(2p)) ^ and E^i^l '( / 0(ai(3)oa 2 (2p))) 3 by Lemma |8^5 . 
Hence by Fact [7.2| and Theorem |7.5| , we have cat (5' 2 U Q ,e 6p ~ 4 ) = 2, 2 < cat L p < 3. If cat L p = 2, 
then we put N p = L p which satisfies cat (N p — {P}) = cat (S' 2 U a e 6p_4 )U^( / 3)e 6p_2 = 2 = catL p . 
Otherwise we have cat L p = 3 and then by Theorem |7.8| , we also have cat L p xS n = cat L p = 
3, n > 1, and then we put iV p = L p xS 2 which satisfies cat (N p — {P}) = cat(L p x{*} U 
(S 2 U a e 6p ~ i ) x S 2 ) = 3 = cat N p . Thus, in each case, there is a C^-manifold which satisfies the 
required property. QED. 



Theorem 8.13 There is a simply connected closed C 00 -manifold M such that cat M = 3 and 
cat MxS n = 3 for any n > 2 while we know only 3 < cat MxS 1 < 4 for n = 1. 

Corollary 8.13.1 There is a connected orientable closed C x '-manifold N such that cat iV = 
cat N x S n for any n > 1 . 

Remark 8.14 Ganea's conjecture for the manifold M is true if we consider cat p ; for any 
prime p ^ 3, instead of cat or cat 3 . 
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Proof of Theorem \8.1^\ . Let M = £ , («i(3)oa 2 (6)) for the prime p = 3 (see ||25|| ). Then M is a 



C^-manifold with a CW decomposition S 2 U a e^U^^e 16 , where a = 770/5 and /? = 01(3)00:2(6). 
Also by Theorem 13.4 in [EH] and by the fact that S 5 is an H-space at p = 3, we know that 



ai(3)oa 2 (6) ^ 0, S 3 ( ai (3)oa 2 (6)) ^ G 7r 16 (S 6 ) {3) but £ 4 («i(3W6)) G 7r 17 (S 7 ) (3) = 



which implies that £;;/i 2 (?7oa!i(3)oa 2 (6)) 7^ and 'E 2 .H§ (■0(ai(3)oa 2 (6))) 3 by Lemma |Q 



Hence by Theorems fT5| and |7^, we have that cat M = 3, 3 < cat MxS 1 < 4 and cat MxS n = 3 
for n > 2. QED. 



Proof of Corollary \8. 13. | . Let M = £ , (o 1 (3)oo 2 (6)) for the prime p = 3 as in the proof of The- 



orem |T3| . Then M is a C^-manifold with cat M = 3, 3 < cat MxS 1 < 4 and cat Mx5 n = 3 
for n > 2. If cat MxS* 1 = 3, we put N = M which satisfies the required property. Other- 
wise, we put N = MxS 1 with ?/' / (Q; 1 (3)oa 2 (6)) as the attaching map of the top cell, where 
we know the set S^iJf \ip' ^(ai(3)oa 2 (6))) include the set £^-£/~.f(?/>(a:i(3)oa; 2 (6))) which contains 
S 4 ai(3)oo; 2 (6) = 0. Then Theorem |Q| implies that iV satisfies the required properties. QED. 
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